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Abstract. Evolutionary solar models are computed using effects of helium settling and diffusion (Bahcall & Pinsonneault
new stellar evolution code, MOSEC (Modular Stellar Evolutigh992h; Christensen-Dalsgaard et al. 1993), and finally the de-
Code). This code has been designed with carefully controlleelopment of models with heavy element settling and diffusion
truncation errors in order to achieve a precision which refle¢®roffitt 1994; Bahcall & Pinsonneault 1995).
the increasingly accurate determination of solar interior struc- Several components go into a typical recipe for solar evo-
ture by helioseismology. A series of models is constructed ligion: these include a set of opacity tables, a set of equation
investigate the effects of the choice of equation of state (OPAI state tables, and a set of reaction rates and temperature de-
or MHD-E, the latter being a version of the MHD equatiopendences for each appropriate nuclear reaction. Additional as-
of state recalculated by the author), the inclusion of helium asdmptions concern the choice of convection theory used, the
heavy-element settling and diffusion, and the inclusion of a simmodel of the solar atmosphere employed, and various input pa-
ple model of mixing associated with the solar tachocline. Thameters, such as present-day solar age and luminosity. Given
neutrino flux predictions are discussed, while the sound spegecertain set of choices for each of these ingredients, any evolu-
of the computed models is compared to that of the sun via tfien calculation should ideally give the same result to within the
latest inversion of SOI-MDI p-mode frequency data. The comumerical accuracy of its integration scheme. Much progress
parison between models calculated with the OPAL and MHD+as been made towards attaining this goal (e.g. Christensen-
equations of state is particularly interesting because the MHDERIsgaard 1991a) by eliminating the errors in complex evolu-
equation of state includes relativistic effects for the electronin codes which previously caused them to disagree.
whereas neither MHD nor OPAL do. This has a significant ef- Gjven the accuracy with which p-mode frequencies are cur-
fect on the sound speed of the computed model, worsening 8gtly being measured by such instruments as SOI-MDI (Koso-
agreement with the solar sound speed. Using the OPAL equichev et al[1997) and GONG (Harvey etal. 1996), subtle as-
tion of state and including the settling and diffusion of he|iurpects of the input physics are becoming subject to scrutiny. In
and heavy elements produces agreement in sound speed dfitfer to facilitate such progress, not only should errors be elim-
the helioseismic results to within aboti).2%; the inclusion inated in evolution codes, but also codes should be developed
of mixing slightly improves the agreement. with very carefully controlled truncation errors, such as the CE-
SAM code described by Berthomieu et al. (1993). With these

Key words: Sun: evolution — Sun: interior — Sun: oscillations considerations in mind, we have developed a new stellar evolu-
tion package named MoSEC, designed with minimization and
control of truncation errors very much to the fore.

MOoSEC is used to generate a series of seven evolutionary
solar models with varying input physics. These are designed

Most of the differences between observed p-mode frequendi@dnvestigate the effect of including settling and diffusion of
and those calculated from evolutionary solar models are th&lium and heavy elements, the effect of the choice of equa-
lieved to reflect uncertainties in the ingredients of solar moton of state, the effect of ignoring the variation of the heavy-
elling. Much effort has consequently been applied to ﬁndirﬁjement abundance in the calculation of the equation of state
which aspects of the uncertain physical assumptions are resg@g-has been done by various authors), and the effect of mix-
sible for the differences between observation and theory (et below the base of the convection zone. The neutrino flux
Turck-Chize & Lope$ 1993). This has led, for example, to thredictions are compared to measured solar values, while the
use of the MHD equation of state (Mihalas et[al. 1988), tHf@und-speed is compared to that of the sun using an inversion
improved calculation of opacity in the OPAL tables (Iglesia@f the latest SOI-MDI p-mode frequencies. In the case of the

& Rogers 199 ]_, Rogers & |g|esias 1992), the inclusion of tr@uation of state, MHD-E is a new MHD-like calculation tak|ng
into account the relativistic correction to the electron pressure,

Send offprint requests 1d.R. Elliott a correction which was not included in either the OPAL or the

1. Introduction
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original MHD equations of state. A solar model is calculated This large system of equations is solved by a series of
using MHD-E equation of state, and compared to two modeNewton-Raphson iterations until convergence has been ob-
one calculated with OPAL, and the other also calculated witained. This requires the knowledge of the partial derivatives
OPAL, but adding in the relativistic correction to the electroaf p’, 77, L’ and R’ with respect top, T, L and R. Some of
pressure. The last model enables us to evaluate what fractiogse derivatives may be evaluated analytically, but for others
of the difference between the OPAL and MHD-E models arisésuch as those involving the equation of state or opacity tables)
from the different treatment of the electron pressure. numerical derivatives have to be employed. Each iteration re-
quires the solution of a linear system of equations, through the
inversion of a block diagonal matrix. It is important in such a
relaxation scheme to have initial conditions sufficiently close
2.1. General principles to the true solution; two Runge-Kutta integrations, one outward
fom the centre and one inward from the surface, are used to

2. Formulation of the problem

The term “standard solar model” defines a certain set of sim . R .
fying assumptions under which the calculation of stellar evolB—rovIde stich an initial trial solution.
tion may more easily be performed. A uniform initial chemi-

cal composition is assumed, rotation, magnetic fields and mas3. Boundary conditions

loss are neglected, and spherically-symmetric hydrostatic equi- . .
librium is imposed. Mass is chosen as the independent varigg eundary conditions are imposed at the centre and at the surface.

rather than radius, since the equations of stellar structure the centre,

come less nonlinear. 47 1 Oln eeqp 9% 1n

The partial differential equations of stellar evolution are det = ?R?plgl {1 N ng K Tng + 1) 3T2p+
usual expressed as two sets of ordinary differential equations: r
one that describes the equilibrium structure at a particular time Olneeqp| T 3)
given the chemical composition, and another that describes the OlnT P or? '

evolution with time of the chemical composition. The solution

of the former is discussed in Sect.12.2, and the latter in Begt. 2,5, _ %R‘I’m [1 B %Rf (8;21) 3 8231:2T>} | @
2.2. Spatial integration wheree denotes the energy-generation rate per unit mass, and

The equations describing the equilibrium structure of a solg® the equilibrium energy-generation rate atthe centre. Atthe

model are fourth order, with two boundary conditions each at tﬁlérface’

centre and surface. These were originally solved by the shooting — T (1, Togt) (5)
technique, whereby the equations were integrated inwards from

the surface and outwards from the centre, the matching bejng = p(m,, Test) » (6)

achieved by varying the four free parameters (central pressure
and temperature, surface radius and luminosity). This techniqMeere T.s is the effective temperature, given bgj =
has largely been superceded by the Henyey relaxation methbgt./47o R3; (o is the Stefan-Boltzmann constant), andis

An N-point gridm; (i = 1,...,N with my = M) is the optical depth at which interior solution is matched to the
imposed, and the differential equations are replaced by a @#nosphere. The latter should be made sufficiently large that
of finite-difference equations. Originally these finite-differenc#e diffusion approximation (upon which the radiative-transfer
equations were second order, but MOSEC uses a fourth-or@iggiation is based) is valid (Morel et @l. 1994). Assuming the
scheme described by Cash & Modre (1980)- 1 further grid HSRAT(7, Teq) law, as fitted by Ando & Osaki (1975),
pointsms,, ... my_1 /2 are interleaved midway between pairs
of the originalV grid points. Equations are then constructed for _—
each of the dependent variables, presspyetémperature®), (7 Ter) = 175 [T+ 1.017 — 0.3 exp(—2.547)

luminosity (L) and radius R); for example, —0.291 exp(—307)] , @)
Pis1 —pi = é (i1 —my) (pg + 4p;+1/2 +p;+1) , (1) T'(m,Tes) is obtained directly, ang(ry, Terr) is obtained by

integrating for the structure of the atmosphere using a Runge-
where’ denotes the derivative with respect to the independéfistta scheme with adaptive step size.
variable,m. p;;1 2 is given by
1 1, , 2.4. Truncation error

Pit1/2 = 5 (pi+pi1) = ¢ (Pi1 — i) (Mg —mi) . (2) _ o _ _
If his the step size in mass, then the local truncation error in

Similar equations are used fét, L andR. The derivatives Eq. () isO(h®). This gives a global truncation error which
on the right-hand sides of Edd (1) afdl (2) are known functiossales likeh?*, so the finite-difference scheme is fourth order.
of p, T, L and R through the equations of stellar structure.  This is demonstrated in Figl 1, which plots the logarithm of the
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Table 1. Simplified nuclear reaction network.

Reaction
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Fig. 1. Logarithm of the relative errors in radius (solid line) and lu- 2
minosity (dashed line) plotted against the logarithm of the number ‘o¥
radial grid pointsV. ryg =

Ts =

relative errorsin radius and luminosity agailigt N. The slight 75 =
departure of the errors in luminosity from following a straight.
line is probably due to errors arising from the interpolation of

one of the following equations (in units ef'g=!):

aX1Xy,
2 X3X3,
c3X3Xy,
s X1X12,
5 X1X13,
c6X1X14,
cr X1X16
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(8)

9)
(10)
(11
(12)
(13)
(14)

opacity and equation of state tables. A valuehof= 1000 is WhereX,, = X,,(m;, t) is the fractional abundance by mass of

sufficient to constrain the relative truncation errors in radius aHie element with atomic number, andc, = c,(m;, t) is the
luminosity to<S 106, reaction-rate coefficient for processT he latter are functions of

density and temperature alone. The evolution of the elemental
abundances is then calculated according to the following set of

2.5. Nuclear burning

The treatment of the time evolution of chemical composition
is crucial to the success of a stellar evolution code. The princi x,
pal energy-generating cycle of the proton-proton chain (Whichg
dominates in the sun) consists of two halves, the conversio&pX3
of hydrogen into®He via deuterium, and the fusion éHe to TS
form *He. In the centre of the sun, the second of these reactior@X4
proceeds very much faster than the first, so that equilibrium ofg
3He is quickly established. Away from the centre, equilibriu
takes much longer to be reached, so it is essential to follow t
evolution of the*He abundance correctly in order to calculate, ;-
the total luminosity accurately. Since the time scales of the twe—>
reactions of the principal branch of the proton-proton chain ar, (it
so different, the equations constitute a stiff system, and sho@
be integrated by an appropriate implicit technique. ;1(75
Christensen-Dalsgaard_(1991a) used a backward Euiie&
method for evolving thé He abundance, and a second-order 4t

equations:

= a1 (2ro —3r1 —r3 —r4g —715 — 216 — 2r7) ,
= as(ry —2ro —r3) ,

= aq(rg+r3+re+r7) ,

= a2 (re —7T4) ,

= a13(rs —75) ,

= a4 (r5 — 716 +717) ,

= aie (—7“7) )

(15)
(16)
17)
(18)
(19)
(20)

(21)

scheme for the evolution of the hydrogen abundance. Suihereq,, is the atomic mass of the element with atomic number

sequent codes have employed more sophisticated integration
schemes; for instance, the CESAM code developed by Morel
et al. [I990) uses an implicit, second-order, time-integrati(}w
scheme. MoSEC uses a similar second-order implicit method

.6. Diffusion and gravitational settling

for determining the time evolution of the abundanced pfHe, The relative abundances of chemical elements in the solar in-
4He, 12C, 13C, N, and'%0. To simplify the reaction network, terior are modified not only by nuclear burning, but also by
"Be is assumed to be always in equilibrium, while only théhe motion of atoms of different species with respect to one
dominant branches are considered in the CNO cycle. another. Gravitational and radiative forces acting on individual
The reaction rate, = r,(m;, t), corresponding to processatoms drive such motions, while interactions between atoms
p (as defined in Tablel1) at the poimt = m,, is then given by tend to redistribute momentum in a random way and thereby
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counteract these forces. The details of element segregation in
the sun are determined by the exact nature of the competition
between these processes in a multi-component plasma.  —~

Since the abundances of the heavy elements are small, iti€a
reasonable approximation to treat them as if they were trace ele--35
ments in al-He background (Proffitt 1994). The seven specie_g
discussed in the context of nuclear reactidiis’tle, “He, 12C, ¥
13C, 14N, and'60) are treated individually in the settling and®
diffusion calculation, and are assumed to be fully ionized, whilg;
all the other heavy elements are grouped together and assued 4 5
to diffuse like fully ionized iron. Since the diffusion of heavy
elements has a relatively small effect on the properties of the _
computed model, this represents a good approximation (Bahcall 0.8 10 12 14 16 18 20
& Pinsonneault 1995). log Q

The simplified transport equations of Michaud & Proffitt
(1993) are used to describe the gravitational settling and difftig. 2. Logarithm of the relative errors in radius (solid line) and lu-
sion of helium and the heavy elements. The diffusion velocitiggnosity (dashed line) plotted against the logarithm of the number of
given by these equations are accurate to within about 10% wligmporal grid pointsq.
compared to the more rigorous derivation of Burgérs (1969).

The equations are solved using an explicit, second-order, time

. . . ; rocedure used to update the chemical composition between
integration scheme, with time steps determined by the overal . . . .

. . 7 andt; 4, is second-order, the truncation error in the final
truncation error requirement.

model at timet, goes likeQ 2. In order to exploit this known
dependence, a series of increasing trial value§)dé used,
2.7. Time evolution and the final result is obtained by Richardson extrapolation. In
order to demonstrate this, Fig. 2 shows how the truncation error
én radius and luminosity varies witfp; the logarithm of the
relative error in each of these quantities is plotted agaigsp
for Q@ = 10, 20, 40, 80. While the relative error is still larger
than10~° for Q = 80, Richardson extrapolation enables the
radius and luminosity to be estimated to an accuracy of better
1. The coefficients,; ; = c,(m;, ;) are evaluated using thethan10~° using justQ = 10, 20, 40.

known values op; ; andT; ;. The coefficients:,; ;1 are

initially assumed to be equal tg;; ;. _ . 2.8. Calibration of mixing length and initial hydrogen
2. Egs. [(Ib)i(2A1) are integrated assuming the coefficients p,ndance

cp(m;, t) take the values

3.0

-4.0

TTTT‘TTTT‘TTTT‘TTTT‘TTT

PR T T [T T [N T T S ST S B T R

An Q-point grid in time t;, is constructed such that = 0 and
tg = te, Wheret, is the age of the sun. In order to evolve th
solar model from time; to time¢;,1, assuming the structure
pij = p(mi,ty), pij = p(mi,t;), Tij = T(my,t;) to be
known att;, the following procedure is adopted:

The final values at time,, of the luminosity and radius depend
Cpiij - (22) on the initial hydrogen abundance and the mixing-length pa-
tiyr —t; 7 rametero. These are modified by a series of Newton-Raphson
iterations until the luminosity and radius agree with, and
Jig (the present-day luminosity and radius) to within one part
in 10, Sufficiently many grid points are required in the tempo-
rpland spatial integrations that their relative truncation errors
are less than0=5.

t—t; tigr —t

cp(mi,t) = Cpij+1 T+

ti+1—t;

3. The structure is evaluated at tirje 1, using the new hydro-
gen abundance so obtained. This yields a new set of val
for Cpsi,j+1-

4. Steps 2 and 3 are repeated until satisfactory convergence
been obtained.

The grid pointg; are not distributed uniformly in time: in . .

: . 3. éDhysmal assumptions

the early stages of evolution they are much more closely space

than later on. The distribution is given by the functional form3.1. Solar age and luminosity

t;  tanh(4z — 3) — tanh(—3) (23) Estimates of the age of the oldest meteorites set a lower bound
tanh(1) — tanh(—3) ' on the age of the solar system as a whole, and on the age of
the sun in particular. Without access to all the meteoritic data,
wherez = (5 — 1)/(Q — 1). The exact function chosen toGuenther{1989) recommended a valué.d$ Gyr. More recent
define the grid in time does not affect the rate of convergenstidies suggest the value should be neaeGyr (e.g. Bahcall
of the solution as? is increased, but does affect the actuadt al.[1995), and it is this value which is adopted here. At any
truncation error for a particular value 6¢f. The form [23) is rate, the correct value for the solar age remains one of the more
chosen as it gives a particularly low truncation error. Since th@certain ingredients of solar modelling.

%_
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The luminosity is also a somewhat uncertain quantity dueTable 2. Relative heavy-element abundances.
the difficulty of calibrating satellite radiometers, and also due

to its inherent long-term variability. The value adopted here i€lement Relative Relative
the same as that used by Bahcall et/al. (1995), namalyl x mass fraction  number fraction
33 —1
10%ergs™". C 0.1906614  0.2471362
N 0.0558489 0.0620778
3.2. Element abundances O 0.5429784  0.5283680
Ne 0.2105114 0.1624178

The relative abundances of elements in the solar interior are
determined by a combination of meteorite analysis and photo-
spheric line strength measurement. The former gives the initial,

homogeneous, composition of the primeval solar nebula, whiste ionization in the solar centre. The Mihalas, Hummer and
the latter reflects the present-day composition of the outer Igysppen (MHD) equation of state was published in the form of
ers. Apart from the depleted elemehisandBe, the agreement gp|es for a single heavy-element abundanc# ef 0.02, and

between the two has improved greatly during recent yearstgs 5 heavy-element mixture of carbon, nitrogen, oxygen and
improvements have been made in the atomic data which affggty_

photospheric abundance measurements. This enables us to havg, ihis study, a new MHD-like equation of state, MHD-E

greater confidence in our knowledge both of the relatiye abyd-calculated using a code written by the author, with energy-
dances of the heavy elements, and als&¢f, the ratio of |o\e| data kindly provided by W. Bppen. Relativistic effects
heavy-element abundance to hydrogen abundance. Current bestycjyded in the calculation of the electron free energy (they
estimates are given for these quantities by Grevesse & NOglsye not in either OPAL or MHD), which will be seen to have a

(1993), and are adopted in the present work; the recommendgghisicant effect on the computed models. The relative heavy-

value forZ/X is 0.0245. element abundances are set equal to those used in the calculation
of the OPAL tables, while the total heavy-element abundance,
3.3. Energy generation Z, may be varied, overcoming the limitation of the original
o MHD tables.
Thermonuclear energy generation is by the three branches OfThe other approach to the equation of state is known as the
the proton-proton chain and by the CNO cycle. The energy pigs, sjcal picture. It does away with the concept of atoms, consid-
duction per unit mass is computed using a subroutine written gy, o1y fundamental particles such as nuclei and electrons.

Bahcall (Bahcall & Plnsonnea_ult 1992a. 1992D), with €ross sqfieractions between particles are taken into account using the
tions taken from Bahcall & Pinsonneaullt (1992a), and energypniqes of many-body theory. The only realization of these
releases for each reaction taken from Bahcall & Ulrich (1988),,5 has been carried out by the OPAL group at Livermore, with
the publication of preliminary tables in 1994 and subsequently
3.4. Equation of state of tables with a finer mesh (Rogers etlal. 1996). These tables

~arecomputed using the Grevesse (1993) abundances for carbon,
There are two broad approaches to the problem of finding thgogen and oxygen, with the abundances of all the other heavy

thermodynamic properties of a partially-ionized plasma. Thgaments being added to the abundance of neon (see[Table 2):
chemical-picture approach, of which the Saha equation is MRy coverZ = 0.00, Z = 0.02 andZ = 0.04. Various compar-
example, is based on the principle of free-energy minimizgpng have been made between the OPAL and MHD equations
tion. The partition function/Z, of the plasma is assumed Gyt state (yppen et al. 1990, @pperi 1992), with the conclusion

be factorizable into a part corresponding to the internal exgisat they are remarkably similar over the bulk of the solar inte-
tation states of individual particles, and a part correspondipg, with OPAL also predicting almost complete ionization at

to their translat!onal states. The free energy,l'In Z, where  (hq golar centre; a full explanation for this has yet to be found.

k IS Bpltzmanns constam, is then m|n|m|zed W'th respect. to Evolutionary models are computed using both equation of
var_|at|_ons n _the occup_atlon numbers which _sat|s_fy apprpprlast[sate formalisms. The pressure and other thermodynamic quan-
stoichiometric constraints. The Saha equation is the simplgglq 516 evaluated as functions of the density, temperature, hy-

realization of this procedure, but suffers from the disadvantagﬁ)gen and overall heavy-element mass fractions by means of

f[hat it predicts unphysical recombination of ions and electro erpolating tables. Some studies have ignored the variation of
in the solar centre. There have been several attempts to

. hi bl In the CEFF ) ; Eqal > overall heavy-element mass fraction in the calculation of
viate t ',S probiem. in the equ_auon of state, Egg eton_tﬁ% equation of state, using instead a constant, prescribed value
al. (1973) introduced an extra term into the free energy whi Q.g. Morel et al_1997). We perform a comparison of models

forced complgte '.°”'?"?‘“°T‘ R s.olar cgr_nre, al_though the Slculated with and without this assumption in order to test its
was no physical justification for this addition. Mihalas et a ignificance. In our best model, we choose only to ignore the

(1988) considered an occupation-probability formalism whiq, riation of theindividual heavy-element abundances.
effectively provided a density-dependent cut-off in the internal

part of the partition function. This again predicted almost com-
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Table 3. Comparison of the properties of solar models.

Model Xinit o Xc Ysurf Zsurf TC Pc ©37C1 q)71Ga Trcz
(10°K) (gem™3) (SNU) (SNU)

opal 0.7192 1.9351 0.3618 0.2634 0.0176 15.468 150.79 6.36 122.4 0.726
ydiff 0.7173 2.0983 0.3463 0.2365 0.0183 15.588 154.82 7.22 127.0 0.711
zdiff 0.7115 2.0792 0.3395 0.2422 0.0181 15.671 154.83 7.86 1304 0.712
zdiffop 0.7116 2.0754 0.3396 0.2421 0.0181 15.670 154.78 7.84 130.4 0.712
mhd 0.7092 2.0383 0.3380 0.2439 0.0181 15.677 154.96 7.93 130.8 0.712
mix 0.7127 2.0707 0.3409 0.2438 0.0181 15.656 154.71 7.73 129.8 0.712
zdiffre 0.7104 2.0683 0.3389 0.2430 0.0181 15.672 154.90 7.87 130.5 0.712
Proffitt (1994} 0.6984 1.711 0.3288 0.7290 0.0196 15.81 155.9 9.02 136.9 0.712
Bahcall &

Pinssoneaulf (1995) 0.7025 2.09 0.3333 0.7351 0.0180 15.84 156.2 9.3 137 0.712

Richard et al[{1996) 0.7012 1.768 0.3328 0.7226 0.0190 15.67 154.53 8.49 132.8 0.716
Christensen-Dalsgaard

et al. [1996) 0.7091 1.9905 0.3353 0.7373 0.0181 15.668 154.24 8.2 132 0.712
Morel et al. (1997) 0.7064 1.92 0.3412 0.737 0.0180 15.65 151.2 8.27 130 0.711

* CEFF equation of state, age4f; Gyr, Z/X = 0.0269.

> CEFF equation of state, age 467 Gyr.

¢ MHD equation of state, includes rotation induced mixing.
4 OPAL equation of state, age &f6 Gyr.

¢ OPAL equation of state, age &f55 Gyr.

3.5. Opacity tical depth,n,, is chosen to b&, while a global truncation error

_of better thanl0~ is sought. From the considerations of Sect.

er\:]v?jtteﬁeglziﬁfoggfesq#ﬁggaztzee’ g:)engfrig'gésuc;?;a'ge 000 radial grid points is sufficient to meet this requirement
P 9 ' 9 Wn%he space dimension, while Richardson extrapolation with

" Iy .
OPAL opacities (Rogers & Iglesms_ 1992), calculated with the _ 10, 20, 40 provides sufficient accuracy in time. The mod-
Grevesse (1993) heavy-element mixture, except at low tempe r-

atures £ 10* K), where the Kurucz[(1991) low-temperature s constructed are as follows:
opacities are substituted. The interpolation is carried out using a
package written by G. Houdek (Houdek & Rogl 1996), which al-

lows a choice between a minimum-norm and a birational-splines
algorithm. There is also a freedom of choice in the number of

fitting points used in theX and Z interpolations (2,3 or 4). In helium, and using the OPAL equation of state
the firstinstance the minimum-norm algorithmis used with four_ it . <51ar model including the settling and diffusion of

fitting points; the effect of other choices on the calibrated hy- helium and heavy elements, and using the OPAL equation
drogen abundance and mixing-length parameter is investigatedOf state '

in Sect[4.p. . — zdiffop : solar model including the settling and diffusion of
The heavy-element abundance used to interpolate the opacy .jium and heavy elements, using the OPAL equation of

ity tables only includes the abundance changes due to eIememstate without taking into account the variation of the heavy-
segregation, since nuclear burning by the CNO cycle has little element abundance.

effect on the opacity (Proffitt 1994). As with the equation of _ .4 sojar model including the settling and diffusion of

state, the variation of the individual heavy-element abundances helium and heavy elements, using the MHD equation of
is ignored; as suggested by Morel et al. (1997), this may well

have a significant effect on the computed models relative to the
high precision of p mode frequency data.

opal : solar model constructed using the OPAL equation
of state with no settling or diffusion of helium or heavy
elements.

ydiff : solar model including the settling and diffusion of

state.

mix : solar model including the settling and diffusion of he-

lium and heavy elements, using the OPAL equation of state,

and including a simple model of turbulent mixing below the

4. Results base of the convection zone.

— zdiffre : solar model including the settling and diffusion
of helium and heavy elements, using the OPAL equation of

The MoSEC code is used to construct a series of calibrated, state, and including the relativistic correction to the electron

evolutionary solar models. For all the models, the matching op- pressure.

4.1. Models constructed
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Table 4. The effect on the calibrated hydrogen abundance and mixintable 5. The effect on the calibrated hydrogen abundance and mixing-
length parameter of the choice of opacity interpolation method atehgth parameter of changing the fineness of the equation of state grid.
number of interpolation points.

EOS grld Xinit «
Interpolation Number of Xinit «@
h .
method points coarse 0.716636 1.890395
minimum norm 2 0.718695 1.94696 fine 0.716632 1.889529
3 0.719119 1.94486
4 0.719232 1.94403
birational splines 4 0.719177 1.94298

constructed with the birational-spline algorithm show, as ex-
pected, that as the number of interpolation points is reduced,
the calibrated hydrogen abundance and mixing-length parame-
In all cases, the heavy elements are initially chosen to tgf exhibit increasingly large errors.
in the Grevesse & Noel$ (1993) proportions and iteration is The effect of changing the fineness of the grid used in the
performed to ensure that the final surface heavy-element maggation of state tables is shown in Table 5. Both the models
fraction satisfies// X = 0.0245 (see SecE312). ltwould be posdisted in this table are constructed without helium settling or
sible in the case of the models with heavy-element settling agiiffusion, using the MHD equation of state; the first is con-
diffusion to iterate the individual heavy-element abundancesstiucted using equation of state tables on the same grid as the
ensure that the final surface abundances are in the Greves$e@RAL equation of state, while the second is a similar model con-
Noels [19938) proportions, a procedure carried out by Richardsétucted using MHD equation of state tables with a grid twice
al. (1996). However, bearing in mind that neither the equatias fine. The differences between the two models in this case are
of state nor opacity calculation takes into account the variatismaller (much smaller in the case of the hydrogen abundance)
of individual heavy-element abundances, we do not believe tifaan the differences described above between models calculated
this procedure would have a significant effect, and therefore dsing two different opacity interpolation schemes. The errors in-
not include it at present. troduced by interpolation (especially in the calibrated hydrogen
Various properties of the computed models are listed in Tabundance) are therefore dominated by the those arising from
ble[3 and compared with the properties of a selection of otHbe opacity interpolation. The original choice of grid for the
recent solar model calculations which include settling and dif¥4HD equation of state tables (corresponding to that used in the
fusion of helium and heavy elemenfs., 7. andp. denote the OPAL tables) is therefore sufficiently fine.
central hydrogen mass fraction, central temperature and central
density respect_ivel;é(init denotes thg initial (uniform_) hydro- 4.3. Microscopic diffusion
gen mass fractiory;,,; denotes the final surface helium mass
fraction, Z,,,+ denotes the final surface heavy-element makss well known that models without settling and diffusion of
fraction, whilezcz denotes the fractional radius of the base dfelium do not very well reproduce the seismically determined
the convection zonebsr; and &1, represent the predictedsurface helium abundance and convection-zone depth of the
neutrino capture rates fo¥ Cl and "' Ga detectors, given in sun (e.g. Christensen-Dalsgaard et al. 1993, Prloffitt/1994), hav-
solar neutrino units (1 SNU 03¢ capture atom® s71). ing surface helium abundances too high, and convection-zone
depths too low. In this study, including settling and diffusion of
helium decreaseg;,,r from 0.2634, in the case of the “opal”
model, t00.2365, in the case of the “ydiff” model, and decreases
A series of models is constructed using the two different opacity:z from 0.726 to 0.711. These are similar findings to those of
interpolation methods (minimum norm, and birational spline§hristensen-Dalsgaard et al. (1993). Comparison may be made
and various different numbers of fitting points (2,3 and 4); alith the seismically determined values-of0.25 (Dappen et al.
other aspects of the physics (OPAL equation of state, no sE#88, Vorontsov et al. 1991, Basu & Antia 1995, Dziembowski
tling or diffusion) are kept constant. The calibrated hydrogeat al! 1994) folYy,,¢, and0.713+0.003 (Christensen-Dalsgaard
abundances and mixing-length parameters for these modelsedral.[ 1991Db) forccy.
listed in Tablé#. The third model listed corresponds to the “opal”  In addition to improving the agreement in convection-zone
model in tabléB. depth and surface helium abundance, helium settling and diffu-
As can be seen from this table, there is a reasonably gaidn dramatically improve the agreement in sound-speed with
agreement between models constructed using the two différe sun. Thisis shown in Figl 3, where the dashed line represents
ent interpolation algorithms with four interpolation points. Théhe relative difference in squared sound spéeti/c?, between
agreement is better for the initial hydrogen abundance than fbe “opal” model and the sun, and the dotted line represents
the mixing-length parameter, which is as expected given tliae same quantity for the “ydiff” model. This improvement is
the latter is more sensitive to the opacity. The three modgsncipally due to the increased convection-zone depth, but also

4.2. Opacity and equation of state interpolation
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Fig. 3. The difference in squared sound speed between the models zdiff. 4. The relative difference in squared sound speed between the
ydiff and opal and the sun, plotted as a function of fractional solarodels zdiff, zdiffop, mix, mhd and zdiffre and the sun, constructed in
radius, constructed from an inversion of 2 months of MDI p modiae same way as in Fif] 3. The thin solid lines represent the standard
frequency data with model S of Christensen-Dals gaard étal.(1996asrs in the sound-speed inversion.
reference. The thin solid lines show the standard errors in the sound-
speed inversion.
We find that helium and heavy-element settling combined
produce an increase in tiéCl flux of about24%. There is
partly due to the reduced mean molecular weight just below tbensiderable variation in the corresponding increase found by
base of the convection zone. There are still significant featumher authors, varying from5% (Richard et al. 1996) t82%
just below the base of the convection zone, where the sou@ahcall & Pinsonneault 1995); Turck-Gzie & Brun [(1997)
speed is too low in the model, and near the centre, where fimel an increase o26%, closest to our result. The reasons for
sound speed is too high in the model. these wide discrepancies are not yet clear. In terms of the actual
Heavy-element settling and diffusion have been included1hC1 flux prediction, all the models listed in Tadl¢ 3 predict
many of the recent solar model calculations, including all tiesomewhat highet” C1 flux than the model “zdiff”, although
models listed in the lower half of Taklé 3. These processes #ne calculations of Turck-Chize & Brun[(1997) predict a lower
included in model “zdiff”, increasind’zu,+ by 0.0057 and re- 37Cl flux of 7.2 SNU.
ducingxcz by 0.001, in very close agreement with the results
of Proffitt (1994). The corresponding form &f? /2, shown by
the thick solid line in Fig[B, is very similar to that found fo
the “ydiff” model, with a maximum difference of abo0105% The model “zdiffop” is constructed only taking into account
in sound speed between the two models at aroyidtl, = 0.5 the variation of the overall heavy-element abundatgen the
(which is, nevertheless, significant compared to the errorsiitierpolation of the opacity tables. This is a similar assumption
the inversion, shown by the thin solid lines). Consequently, uto that made by Morel et al. (1997). The relative difference in
like helium, heavy-element settling and diffusion do not sigquared sound speed between this model and the sunis shown by
nificantly improve the agreement in sound speed between sabe dotted line in Fig. 4, and compared with the same quantity for
models and the sun. four other models, “zdiff” (solid line), “mhd” (dot-dashed line),
The flux of neutrinos arising from the decay*®is strongly “mix” (dashed line) and “zdiffre” (dot-dot-dot-dashed line). The
affected by the inclusion in the evolution calculation of the dif-elative differences in squared sound speed between the models
fusion and settling of helium and heavy-elements. Gravitatiorfadiffop”, “mix”, “mhd” and “zdiffre” and the model “zdiff”
settling leads to an increase in mean molecular weight at the care plotted in Fid.J5 using the same line styles. As can be seen,
tre, and a consequent increase in the central temperature. Thédifference idc? /c? between “zdiffop” and “zdiff” is almost
leads to an increase in the flux @8 neutrinos (since the latterwithin the standard errors in the inversion (shown by the thin
goes roughly likeT'6 at the solar centre). Bahcall & Pinson-solid lines), and the neglect of the variation of the overall heavy-
neault (1992b) found that helium settling alone brought abcgtement abundance in the calculation of the equation of state is
an increase of abouR% in the flux measured by the chlorinetherefore valid. It therefore seems that, contrary to the claims of
neutrino capture experiments; Proffitt (1994) found an increds®rel et al. [199F7), equation of state data taking into account
in this flux of about13.6%, the discrepancy being due to theletailed changes in the heavy-element mixture are unnecessary.
different formulations of the diffusion equations for helium. In  Comparison is made between the OPAL and the MHD-E
this study, we find that thé”Cl flux goes from6.12SNU to equations of state using the “mhd” model, which differs from
6.95 SNU, an increase of aboutt%; this is very close to the the “zdiff” model only in using the MHD-E instead of the OPAL
value obtained by Proffitt (1994). equation of state. Early comparisons of the OPAL and MHD

r4.4. The equation of state
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0.004 T T T T T T T mean molecular weight just below the base of the convection
r <1 zone. This, in turn, increases the sound speed in that region as
0.002 B N 1 is shown by the dashed line in F[gd. 5. Deeper down, the recal-
L [ 4 ibration of the model reverses the situation, causing the sound
Fos F 1 speed to be lower in “mix” than in “zdiff”. The overall effect of
:2 0.000 B ;-,—»,-s_gt\'} S S ’ . : — | the extra mixing is to improve slightly the agreement in sound
3 - N~ SToeel /4 speedwith the sun: the sound speed increase in the “mix” model
- D 1 relative to the “zdiff” model would need to be displaced down-
00021 Zd-iffop\\\ / _| ward to account fully for the hump 2 /c? just below the base
S LD 4 of the convection zone.
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. o ' The new solar evolution code described in this paper has been
Fig. 5. The relative difference in squared sound speed between Sjga\n to produce results broadly consistent with previous cal-
models zdiffop, mix, mhd and zdiffre and the model zdiff. The thi,|a1ions, as well as having well-controlled truncation errors
solid lines represent the standard errors in the sound-speed inversipni in space and time. The effects of using interpolating tables

for the opacity and equation of state have been quantified, with

equations of state (@ppen et al. 1990, &ppein 1992) found very the c.onclusion that at _prgsent the ir.1terpolati.on of the OPAL
close agreement over most of the solar interior. More recen ,aC|ty tables sets_ the limit on errors in the calibrated hydrogen
Guenther et al[ (1996) computed models using both equatioﬁ"1 ndance and r.nlxmg'—length. paratnetgrs. o

state formalisms, finding very close agreement both in global The effect of including helium diffusion and settling in the
properties and in local physical quantities, while Rogers et §¥olution calculation is very similar to that found by previous
(1996) found slight differences in the location of the hydrgduthors. There is a significant increase in the predicted neu-
gen and helium ionization zones leading to a so-called “prd&no flux for the chlorine experimentd {%), and a somewhat

sure spike” in the MHD equation of state at temperatures gnaller increase3(8%) for the gallium experiments. When
~ 50000 K. heavy-element diffusion is also included, the corresponding in-

In the present calculation, the two models “mhd” and « freases relative to the non-diffusive models28% and6.5%,

iff” do not agree as closely as those of Guenther ef al. (199?%”‘ similarto the values found by Turck-@e & Brun{1997).
with larger differences in initial hydrogen abundance, mixind-"€ actual value of the predicted count rate for the chlorine ex-
length parameter, and also in the sound speed. However, bi@fiment7.86 SNU, is somewhat smaller than that reported by
agreement is found when the “mhd” model is compared to RSt other authors, but larger than the SNU reported by
“zdiffre” model, which uses the OPAL equation of state but inlUrck-Cheze & Brun. These differences point to the need for
cludes a correction for relativistic effects. This shows that tgrther investigation.

inclusion of the relativistic correction in the new MHD-E equa-  The inclusion of the variation of the overall heavy-element
tion of state accounts for much of the difference found betweBHass fraction in the calculation of the equation of state has been
the “mhd” and “zdiff” models. The relativistic correction haghown to have an almost negligible effect on the sound speed
the effect of increasing the electron pressure at the centre, tRighe computed model, rendering the effect of the variation of
reducing the hydrogen abundance there in the calibrated modefiividual heavy-element abundances in the equation of state
This has a Significant effect on the sound Speed throughout ﬂ@@ulation undetectable at the current preCiSion of structure
radiative interior’ reducing it by a maximum of about% near inversions. Thisis, however, not the case in the calculation of the
the base of the convection zone. opacity, and opacity data taking into account detailed changes
in composition are necessatry.

A comparison is provided here between models constructed
using the OPAL and MHD-E equations of state. The agreement
A simple model of the sub convection-zone mixing associaténot as good as that reported in previous comparisons between
with the solar tachocline (Spiegel & Zahn 1992, Elljott 7997¢PAL and MHD, principally due to inclusion of the relativis-
is included in the model “mix”. Instead of assuming completéc correction to the electron pressure in the newly-calculated
mixing to the base of the convection zone, as in the standard s®iD-E equation of state. The significant effect that this correc-
model prescription, the region of mixing is assumed to extendi@n has on the sound speed of calibrated models should perhaps
distance of).02R, below the base of the convection zone; thigrompt efforts to include it consistently in future equation of
value is somewhat lower than the thickness of the tachoclinesigte calculations.
inferred from rotation-rate inversions (Kosovichev 1996). The A simple model of the sub convection-zone mixing associ-
effect of the extra mixing is to redistribute gravitationally sefated with the solar tachocline has been shown to improve the
tled helium back into the convection zone, thereby reducing tagreement in sound speed with the sun just below the base of the

4.5. Sub convection-zone mixing
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convection zone. Further study is required to understand futhgppen W., Gough D.O., Thompson M.J., 1988, in: Domingo V., Rolfe

the sound speed enhancement found in this region of the sun. E.J. (eds.) ESA SP-286, Proc. Symp. Seismology of the Sun and
In spite of improvements in solar evolution calculations, Sun-Like Stars. ESA, Noordwijk, p. 505

it is as well to point out that there are still considerable uf@ppen W, Lebreton Y., Rogers F.J., 1990, Solar Phys., 128, 35

knowns in many of the physical assumptions (Gough &Toom[.glembowskl W.A., Goode P.R., Pamyatnykh A.A., Sienkiewicz R.,

1991). The high accuracy of the calculation presented here fa- 19?‘; Afgéé'giéﬁgﬂ 1222

cilitates detailed comparison with models by other authors, btu lott J.R., ' L

. . o leton P.P., Faulkner J., Flannery B.P., 1973, A&A, 23, 325
belies some of the inherent uncertainties. Perhaps most ser@%%gh D.O. Toomre J.. 1991 ARA&A. 29 627

is the assumption of uniform chemical composition at zero aggevesse N., Noels A., 1993, in: Prantzos N., Vangioni-Flam E. &ass

which is contingent on the sun having passed through a fully- . (eds.) Origin and Evolution of the Elements. Cambridge Univ.

convective Hayashi phase of evolution. Calculations by Larson Press, Cambridge, p. 15

(1969) have suggested that this may not have occurred. Anot@eenther D.B., 1989, ApJ, 339, 1156

significant failing of the standard solar model is its neglect &uenther D.B., Kim Y.-C., Demarque P., 1996, ApJ, 463, 382

large-scale macroscopic motions (aside from convection). ItHgrvey J.W., The GONG Project Team, 1996, Sci, 272, 1284

known that such motions must occur in any rotating star, whi¢tpudek G., Rogl J., 1996, Bull. Astr. Soc. India, 24, 317

could have important repercussions for its evolution by redi@'ez‘\ii&\f'ARggfé;g'ibigiééAfgi371' 408

g'cbcl:gggnbg:z E:fgvev:iloat?ediinpgourltaa;:n;;)r?f;stg;ns' i'r\]/'zts(jlgsjv oSovichev A.G., The MDI Project Team, 1997, Solar Phys., 170, 1

. . . . qg‘ﬂl[ucz R.L., 1991, in: Crivellary L., Hubeny I., Hummer D.G. (eds.)

tion but are again entirely neglected in the standard solar model gy 5 Atmospheres: Beyond Classical Models. Kluwer, Dor-

prescription. The modular nature of MOSEC should permit re- qrecht, p. 440

finements of the physical assumptions to be easily incorporatggkson R.B., 1969, MNRAS, 145, 271

allowing the code to keep pace with our improving understanglichaud G., Proffitt C.R., 1993, in: Weiss W.W., Baglin A. (eds.) IAU

ing of solar evolution. Coll. 137, Inside the Stars. Astronomical Society of the Pacific,

San Francisco, p. 246
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