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Abstract. Inthis paper we study the rotational motion of a rigidushko & Shevtshenko, 1996). The model presented here
satellite moving in the gravitational field of an oblate planemay be considered as a natural generalization of the classical
The librations of the moon around the equilibrium state of syapproach.
chronous stable rotation are analyzed by the application of the In this paper the model dynamics is described in the frames
normal forms theory. We construct a general, semi-analyticg#lHamiltonian formalism. The synchronous rotation of a moon
theory of librations and we show its application to a few smal an equilibrium of Hamiltonian equations of motion, thus
moons of Saturn and Jupiter. the motions in its vicinity (librations) can be investigated ef-
fectively by the application of the normal forms theory. The
Key words: celestial mechanics, stellar dynamics — planets ardmi-analytical, local theory of librations derived with this ap-
satellites: general proach was tested on a few small, very irregular moons of Jupiter
and Saturn. We calculated their inertial characteristics us-
ing discrete topography models by Stooke & Lumsdon (1993);
Stooke (1993a,b, 1994).

1. Introduction

It is well known_ that many natural satellites of big The Hamiltonian function

planets evolved tidally to the state of synchronous rota-

tion (Wisdom, 1987). Among them, we can distinguish ket us assume that the moon’s mass center moves in the equa-
group of equatorial satellites. To this group belong Jupitert@rial plane of a spheroidal planet, i.e., a flattened, axially sym-
moons: Metis, Adrastea, Amalthea; Galilean moons lo, EDRetric body. The planet rotates uniformly around the symmetry
ropa, Ganymede and Callisto; Saturn’s satellites: Pan, Atlais (see Fldjl}- We assume also that the orbit of the moon is
Prometheus, Pandora, Epimetheus, Janus, Enceladus, Diétieylar. According to Barkin (1985), it is a restricted problem
Rhea; Uranus satellites: Ariel, Umbriel, Titania and Oberoff rotational motion because the relative, orbital motion of the
Orbits of all these satellites are almost perfectly circular—th&@pdies is fixed. It is convenient to describe the rotational mo-
have eccentricities smaller that 0.01 and inclinations smallén of the moon with respect to the orbital frame. The orbital
than 0.5 deg. In this paper we consider some of the moawr$erence frame is defined by versor%?,f,ﬁ} which have

whose shapes are highly irregular. The inertial and orbital d@fgections of the radius vector of the moon, the orbital velocity

for them are given in Tablg 2. . _ andthe normal to the orbital plane, respectively. The body fixed,
The aim of this paper is to build a model of rotationahincipal axes framé is determined by VErsoKdi, v, d}.

motion which is applicable to such a class of small orbiters of The orientation of the body framB with respect to the

the giant planets. In this model the parent planet is represenigfita| frame0 is given by the attitude matriA. It is defined

as a spheroid, i.e., a flattened body possessing an axisofne following way. If, for a vecto, its coordinates in the

symmetry. For the selected moons this assumption seems,{§ital and the body frame we denotesby= [z1, 72, 23], and

be natural and obvious. Because they move relatively cloge_ [X1, X2, X3]7, respectively, then the attitude mate
to the mother planet, its oblateness may affect substantigiynsforms coordinatesto X according to the rule
their rotation. Most previous studies of the rotational motion

of a rigid satellite assumed that the central body is a point X = Ax. Q)
mass or a sphere of uniform density. In this formulation R

the problem was investigated by many authors (see, eBhwus,A = [4,v,w], and at the same timA = [R, T, N],
Kondurar, 1959; | Beletskii, 1965, 1975; Kinoshita, 1972b,ag., columns of the attitude matrix are equal to the coordinates
Barkin, 1972; Markeev, 19178, 1985; Chermnych, 1980f orbital reference frame versors.

Kokoriev & Kirpichnikov, 1988; Celetti, 1990&,b;  For parameterization of the attitude matex we use the
Wang et al., 1992; Shevtshenko & Sokolsky, 199%uler angles of the type 3-2-1 (see Markley, 1978). In terms of
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Fig. 2. Diagram of the linear stability of synchronous rotation for the
cos ¢ cosf fixed valuee = 0.0015. Dots represent values of; , a3 derived from
R = | —cos 1 sin ¢ + cos psinsind | | 2) the estimation of the main moments of inertia made by the authors (see
sin ¢ sin 1 + cos ¢ cos 1) sin 0 Sect. 4.1). Here we denoted: Am — Amalthea, Pr — Prometheus, Pa —
Pandora, Ad — Adraste& — Epimetheus] — Janus.
and
—sing describe the influence of the planet oblateness on the rotation
N = cos 8 sin 4 3) of the moon. The mean orbital motion of the moon in a circular
cos 1 cos 0 ' orbit of a radiug- is
. . . : . w=wgV1+3e, where wi = % (7)
Calculation of the potential of gravitational interaction of a r

spheroid and a rigid body can be done in a few differefihe frequencyk denotes Keplerian mean motion of the moon

ways (Maciejewski, 1995, 1997). in the field of a point mass center. Let us remark here that in
The gravitational potential of a spheroidal planet has ti{flaciejewski, 1997) the above expression for the potential was
form obtained in a simpler way thanks to the application of the gen-

i 1 4 2 N2 eralized two centers problem.
Vp=—= {1 ——Jy (—) {3 (7) - 1} +... } , (4 The Hamiltonian of the problem can be obtained with the
r r T help of standard techniques. In order to limit the number of
wherey = GMp is the mass parameter of the plangg, is Parameters we chose the unit of time in such a wayuhat 1.
its equatorial radius/, represents the second harmonids e also re-scale the generalized momentatbjo eliminate
the orbital radius (Aksenov, 1977). To calculate the potential 8f€ additional parameter. Finally we obtain a time independent
interaction between the planet and the moon we have to inggamiltonian of the form
grate the potentiaSVp. over.the moon’s body..This integral can H(q,p) = T(q,p) + V(q), (8)
be computed effectively if we expand the integrated function T T .
into series, assuming that the dimensions of the moon are m{¢# 4 = 41,42, 43]" = [¢,6,4]" are the generalized coor-
smaller than the orbital radius. In this way we obtain the p inates, f”md) are the copjugate mo”.‘e”ta' The kinetic energy
tential of the planet-moon interaction also in the form of seriek: followingMaciejewski (19€7), is given by
The first terms of the series affecting the rotational dynamicTs 1 |:(p1 + p3 sin go) sin g3 + pa €os go cos qg} 2

are given by the formula D) C0S ¢
3 ~ o~ ~ o o . 2
V=2L1450)RIR) - 3L(NIN), (5 4L [Pt pssings) cosgs — pacosqasings | o)
27 7 203 COS g2

wherel = diag[4, B, C], and A, B, C denote principal mo-
ments of inertia of the moon; bya, b) we denote the scalar
product of vectora andb. The terms proportional to the pa-wherea; = A/B, a5 = C/B. After rescaling the parameters

1 2
+ b3 — wWp1,
aq

rameter the potential/(q) has the following form
1 2 ~ o~ ~ o~
=3 (GTE) : 6) V(g) = %(1 +5¢)(R,IR) — 3¢(N,IN),  (10)
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where nowl = diag[ay, 1, o). From general considerations of _ 1.35
the problem of two rigid bodies one may state that the Hamilto-"31.3
nian systenm (8) possesses a class of equilibria solutions, the so1 5 L
called Lagrange equilibria_(Barkin, 1985). They correspond to ™

fixed orientations of the moon in the orbital reference frame, at 1.2
which the directions of principal axes of inertia coincide with | £ |
the directions of the orbital frame. We are interested in one of

these solutions, which is specified by the following values of 1.1

phase variables 1.05
xoz{q?:qg:qg:pg:pg:Q p?=a3\/1+36}. 1 : :
A gosl AN T S -
The stability of this solution, which we shall call the syn- g i i T T i i
chronous rotation state, is examined in the next section. 0.4 0.5 0.6 0.7 0.8 0.9 1ay

Let us note that the case of a spherical planet (i.e., the case
e = 0) was investigated analytically by Sushko & Shevtshenkdg. 3. Comparison of the ratios; andas, calculated from the har-
(1996) and in some details in (@dziewski & Maciejewski, monic topography expansions (asterisks) and from the best fitting el-

1990; Maciejewski & Gadziewski, 1992, 1995) lipsoid estimations (dots). The rectangles represent the mean errors.
3. The local theory where = /T + 3e. The characteristic polynomial of the ma-

For a systematic study of the dynamics in the neighbdfix F has the form

hood of the synchronous rotation state we apply the theory

of normal forms of Hamiltonian systems around an equilib- Dy = det(IHz = AE) = (X + a)(As + bha + ) = 0’13
rium (Bruno, 198B). It can be considered here as a special case (13)
of Lie-Hori-Deprit perturbation theory (see, e.g., Hori, 196%here

Deprit, 1969, Mersman, 1971; Cary, 1981). The whole proce-

dure is naturally divided into two steps of linear and non-linear _ (=1 + a3)(—a1 + a3)(1 + 9¢)(4 + 19¢)
normalization. In the first step we simplify the linearized system. ay

For this purpose we have to determine the stability character of 94, — 3a? — az + 20n03 + a?

the equilibrium. If the equilibrium is stable, we can be sure that = -
a solution with the initial condition near the equilibrium will
remain close to it forever. It is also well known (Arnold, 1978)
that even if the equilibrium is stable linearly, almost all solu-
tions with initial conditions near the equilibrium will spend an, —
exponentially long time in its vicinity. These facts justify the as
applicability of the local theories of motion.

)

aq
616&% — a1(6 + 13045) — 3(—2 + a3 + ag)
aq

i

(1 —aq)(3+ 10¢)

The equilibriumis linearly stable if the eigenvalues of the matrix
JH; are purely imaginaryA; = +iw;, i =1,2,3. Thus, the
3.1. Analyzis of the linearized model following conditions should be satisfied

The qualitative character of the system dynamics inaneigh; <o A >0 A ¢>0 A A=25%—4c>0.
borhood of an equilibrium depends on the linear part of the (14)
equations of motion. To perform the linearization we shift the

origin to the equilibriumx = x° + y. The linearized equationsif it is so then the linear, characteristic frequencies of the li-
have the form bration may be calculated easily. The simplest form has the

0 E longitudal frequency
y =JHyy, H,=V?H(x"), J= [_E 0} .

w1 = wp = Va. (15)
The characteristic frequencies of libratiang, ws, w3 are de- _
fined by the eigenvalues,, \», A5 of the matrixF = JH,. Its If € is small (as for the analyzed moons, see Table 2), the fre-

non-zero elements are the following guency can be expanded with respect to this parameter
Fiu=a3;', Fyg=—Fg=(as—1)3, Fy =1, 5
14 3 23 N 65 ( 3 )ﬁ 25 W¢ :wg + *(,{)2)6-’-0(62), (16)
Fs =3, Fss=oa;, Fyu =(a1—1)(3+ 10e¢), 3

Fso = —ara3(3 +16€)(4 + 19¢),  Fs6 = —f3, wherew corresponds te = 0. Thus the timeAt, after which
Foz = (1 — ag)as + 3(2+ a3)e)], the influence of the oblateness of the parent planet causes a



618 K. Gazdziewski & A.J. Maciejewski: Semi-analytical model of librations of a rigid moon orbiting an oblate planet
0.216 9 Table 1. Estimation of the orbital perio;, and periods of librations
(in days) for the linearized model.
0.071
Moon T Ty Ty Ty
0.073 Adrastea (J14) 029 0.36 0.61 0.19
Amalthea (JV) 0.50 0.38 2.08 0.30
0218 Prometheus (S17) 0.61 052 1.06 0.35
Pandora(S15) 0.63 0.67 1.39 0.40
0.205 a, 0.375 Janus(S1) 069 196 195 0.53
Epimetheus(S3) 0.69 0.79 287 0.49
0.070 0.113
-0.066 0150 Amalthea and Janus: they are located almost on the border of
i the linear stability region. Itis well known (Veverka et al., 1989)
-0.202 0.412 that Amalthea has a very irregular shape, which cannot be de-

scribed reasonably by any triaxial ellipsoid—in spite of this the

0.360 p 0.85010°3 moon is almost symmetric dynamically. The periods of libra-
' ' tions in the linear approximation are given in Table 1.
0.117 321107
0127 -0.21+10°3 3.2. Normalization procedure
-0.371 1.870102 Applymg the _normal form theory V\{e_look for s_uch_a c_hange of
0 1 2 3 4 5 o0 1 2 3 4 5 Vvariables which transforms the original Hamiltoni&hinto a

. . . . . ~ new, much simpler Hamiltoniaff *. Equations of motion with
Fig. 4. Comparison of semi—analytical (dots) and numerical solutioggis Hamiltonian can be solved explicitly (of course we have
for Amalthea over the time span of 5 orbital periods. Initial condition§b make some additional assumptions). The construction of a

— — JR— —_ — — 0 . . a e m ’ o .
01 =03,g2= 02,93 = 0.1,p2 = ps = 0, p1 = pi. local theory of motion in the vicinity of the equilibrium can be
performed in the form of the following algorithm:

difference in the orientation of the order, may be estimated

as 1. Takethe original Hamiltonian and determine phase variables

corresponding to the equilibrium.
2. Expand the Hamiltonian into Taylor series in a neighbor-

At = hood of the equilibrium. This expansion has the form

[orbital periods] a7

ol w
| =

1
W
Thus, as for the moons selectegi ~ 1 ande ~ 0.001, the time
period is of the order of just a few hundred revolutions.

The linear stability analysis leads to a qualitative result sim-
ilar to that obtained by Sushko & Shevtshenko (1996), who an-
alyzed the case = 0. It is illustrated in Fig[2. The choice of
e = 0.0015 follows from Tabl€e[2: it is almost the same for alll
of the moons analyzed. Fixing we may describe the linear
stability region in the planéx;, a2 ). Their physically accepted
range follows from the triangle rule, which should be satisfied.
by the principal moments of inertia:

Hi(@)= > hnz",  (20)

In|=k

H(z) = i Hi (),
k=2

wherez = (x4, ... ,x9,) arelocal coordinates in the neigh-
borhood of the equilibriumy, is the number of degrees of
freedom and

n .__ n1 N2n
hnZ™ = Iy py, 1t o

(21)

Normalize the Hamiltonian by the Lie-Hori-Deprit method.
The normalized non resonant Hamiltonian has the form

A+B>C, A+C>B, B+C>A. (18)

H*(z) =Y Hj;(z), Hi(z)=) wipi, (22)
Thus the physical values of; andas are limited by the lines J=1 =1
(see FiglR) wherew = (wy, ...

systemz = (z1, ...

,wr) denotes linear frequencies of the
, 22,,) @re the normal coordinates, =

|.O[3—O[1=17 ||.O[1+Oég:1, ”l.()él—()zg:l. . .
(19) ziziwn fori=1,... n,and
* = ! e In
The border lines denoted as IV,V, VI in FIg. 2 are defined by Hs;(2) = ; Py (23)
=J

a = 0 andc = 0. The curves ob = 0 andA = 0 were deter-
mined numerically for the fixed value ef It is clear now that

To obtain this normal form we have to assume that the reso-

the inertial parameters of the moons presented in Table 2 locatenances are absent in the system, which means that equation
them in the triangular area of the linear stability, which does
(k,w) =0, (24)

not change with variations ef Especially interesting cases are keZ”,
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Fig. 6. Comparison of semi—analytical and numerical solutions for

Amalthea. Absolute differences between the phase variables over the

F'g.' 5. Comparison of s_eml—analytlcal and numerical solqnons f(?irme span of 10000 orbital periods are shown. Initial conditigns=
Epimetheus. Absolute differences between the phase variables over

the time span of 500 orbital periods are shown. Initial conditigns=
@2 =3 =0.1,p> = p3 = 0,p1 = pf.

02 = g3 = 0.1,p> = ps = 0,p; = p?. The straight lines represent
the result of linear fit to the points of the graphs upper bounds. The
slopes at subsequent panels are approximatedy 108, 1.3x 1077,

2.8 x 1077 for coordinates and.1 x 1077, 2.2 x 1077, 2.8 x 107%

has no non-zero solutions. In the action-angle variablt momenta.

(P, @) = (p1, -

1
wr = =(Inzp —Inzgqn),

2

y Py Py - - -

. Pn)

k=1,...

where

7n’

(25)

y=y(p.9), (30)

give us the local theory of motion. For an initial conditigh

the normalized Hamiltoniai/* depends only on the ac-in a small neighborhood of the equilibrium usifig](29) we can

tions: H* = H*(p) (Bruno, 1988).

calculate(p?, ¢°). Then, using(27) an@ (B0), we obtain explicit

4. Write the solution of the averaged equations of motion. THermulae for solutions of the equations of motion

Hamilton’s equations of motion with the normalized Hamil-

tonian H* have a very simple form

_ oOH*
I,

pk = (p) =0,

Their solution is straightforward an it is given by

p(t) = p° = const

where

Q:

Generally, the frequenci€¥ are nonlinear functions of the

action variable.

op

. OH*
Pr = O (p), k=1,...,n
(26)

o) =Q(t —ty) +8°,  (27)
0T (). (28)

y(t) =y(p°,Qt —to) +¢°). (31)

It must be stressed that the normalizing transformatfods (29) and
(30) are generally divergent (Bruno, 1988), however, we can use
them in practice because we study dynamics of the system over
a finite interval of time.

The theory constructed above is valuable. We can use it to
determine qualitative and quantitative properties of the system.
For example, it can be applied, as it will be shown, to determine
the dependence of the librations frequencies on the amplitudes.
The analytical solution allows to compute easily the trajectories
ofthe system, thusitis an alternative to the numerical integration
procedures. It is extremely fast: the computation of the system
statey(t) for an arbitrary timet needs just two evaluations
of variables transformation and it does not depend.owe
demonstrate the properties of the analytical theory in numerical

Solution [2T) together with the transformation from originagxamples given below.
to normal coordinates and vice versa:

¢ =9o(y),

p=py)

In our approach the resulting theory is in fact semi-
analytical. Power series used in our theory have constant, numer-
ical coefficients. In practice, for performing the normalization
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Table 2. Orbital and physical parameters of small Jovian and Saturnian moons. Descriffiteg]—orbital inclination to the equatorial
plane,e—eccentricity,ar is the equatorial radius of the planet—orbital radius of the moond, B, C—principal moments of inertia in the
units of [mr3] (m—mass and,—mean radius of the moons body). Inertial parametars= A/B, a3 = C/B. Zonal harmonics: Jovian
J3 ~0.014736, for Saturn,J5 ~ 0.0165.

Moon i [deg] e r/ag A B C [o %1 a3 €
Amalthea (JV) 0.4 0.003 255 0.292 0.686 0.705 0.426 1.028 0.0012
Pandora (S15) 0.1 0.004 2.35 0.325 0.491 0570 0.622 1.161 0.0015
Prometheus (S17) 0.0 0.004 231 0.308 0.656 0.766 0.470 1.168 0.0015
Janus (S1) 0.1/3 0.007/9 2.51 0.380 0.400 0.480 0.950 1.200 0.0013

Epimetheus (S3) 0.3/1 0.009/7 251 0.350 0.480 0.510 0.729 1.063 0.0013
Adrasted (J14) 0.0 0.000 1.80 0.300 0.408 0.492 0.735 1.206 0.0023

teristics. For this purpose we used the method described

0.0191} 0.0174 S _ s _
in (Gozdziewski & Maciejewski, 1995).
0.0064 0.0058 % The data are shown in Tallé 2. Assuming that the mean
error of topography is typically of the order of 10 kilometers,
-0.0063 -0.0058 ) L ;
we estimated the formal error of the principal moments of in-
-0.0190 -0.0173 ertia in the range of a few percent. It is worth noticing that
00 05 10 15 20 00 05 10 15 20 the perturbation parameteis similar for all of the moons se-
d, P,-P lected. According to our data it has the greatest value, among
0.0355 0.0259 o :
the known natural moons, for Jupiter's Metis and Adrastea.
0.0107} ] 0.0085 1 The latter we selected as an example. As we do not know
the detailed topography of this moon, its inertial data were
-0.0140¢ 1 -0.0088 estimated on the basis of its overall dimensions, which are
.0.0387 .0.0262 12.5 x 10 x 7.5 km according to Thomas (1989). We assumed
00 05 10 15 20 00 05 10 15 20 that, according to Stooke & Lumsdon (1993), Prometheus and
p - P, Pandora rotate synchronously. This is not consistent with other
0.0315 1.15-10 sources of data, for example (Yoder, 1995).
0.0105 42741073} Under the assumption of uniform density the main mo-
3 ments of inertia may be calculated independently using the
-0.0105 -2.94-10 1 estimations of the moons best fitting ellipsoids. The data
-0.0315 -1.0101072 were published by Thomas (1989), they are also given in
00 05 10 15 20 00 05 10 15 20 |Slyuta& Voropayev (1997). For calculations we used the ra-

_ ) ) _ ) . tios of the ellipsoid axes and their mean errors. The comparison
Fig. 7. Comparison of semi-analytical (dots) and m_’mer'cal.somt'oé}_ﬁth our data is given in Fig3. The coincidence of parameters
for Prometheus over the time span of 2 orbital periods. Initial con |-f f f he detailed k led fth h
tions: g1 = 0.02, > — 0.01, gs — pa = ps — 0. p1 = P IS far from perfect. T e detailed knowledge of the topography

’ ’ ’ is essential for minimizing the uncertaintity of the data. This
o _is especially important in the cases of Epimetheus, Janus and
procedures, we use our software system LIE, which is especigiyalthea: the errors estimation leads to the conclusion that all

designed for that purpose. Technical details, practical aspeg& moons are located on the border of linear stability of the
as well as examples of application of the system may be fougghchronous rotation.

in our papers (Gpdziewski & Maciejewski, 1990; Galziewski

et al., 1991; Maciejewski & Grodziewski, 1991, 1992, 1995). )
4.2. Numerical tests

4. Tests and discussion For the moons presented in Table 2, we constructed the theory
4.1 Data of thgir Iiprations using the algorilthm descri_peq in SEb_t. 3. The
Hamiltonian [8) was expanded in the equilibrium point with
For tests of the theory we have chosen a number of small modims help of MATHEMATICA up to the sixth degree. The lin-
of Jupiter and Saturn (see Taljle 2). Their orbital elementsd#r and nonlinear normalizations were computed with the help
very well to the assumptions of our model. To derive the ineof the system LIE. The obtained quasi-analytical theory was
tial characteristics of the moons we used the discrete descegamined through direct numerical integration. First, we com-
tions of topography constructed by Stooke & L umsdon (1993)ared the analytical and numerical solution in the time span
Stooke (1993a,b, 1994). Assuming that the density of the moarfs orbital periods for Amalthea, see Fig. 4. In spite of a rel-
is constant, we can compute their principal moments of iatively large initial amplitudes of the librations, the solutions
ertia, as well as other dynamical and geometrical charagree perfectly. In the case of Epimetheus the differences be-
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Fig. 8. Frequency—amplitude characteristics computed for Epimetheus. Initial conditions are chosen in such a way, that the values of variables,
completing the coordinates in subsequent panels, are chosen as in the synchronous rotation. For example, in theyfirst panelps =
0,p1 = pY, and so on.

tween the solution derived by numerical integration and the We build the semi-analytical theories under the assumption
semi-analytical result are very small in the time span of 500 dhat there are noresonances inthe system (atleast, up to the order
bital periods, see Fif] 5. In this test the initial amplitude of libra2V'). In practice, we have to exclude the cases when the system
tions was~ 5°. For a very long time duration the errors of thés close to a resonance. In such events the semi-analytical the-
guasi-analytical theory grow linearly. This effect was analyzeaty is completely non-applicable. Surprisingly, we discovered
by ISushko & Shevtshenko (1996) for the case of a spherisaich almost resonance cases for two of the moons: Prometheus
planet. They showed that the linear growth of errors is causaad Janus. Their inertial and orbital parameters lead to strong
mainly by the errors of approximation of nonlinear frequencigesonances between the linear frequencies of the librations. For
of the librations. The same justification may by applied to ofrometheus they are
model. If we assume that the initial expansion has oed€ér
then the normalized Hamiltonian contains terms of the ord@r '~
N (with respect to normal variablgg and it is approximated 90,-3.1 = | — 3wa + ws| ~ 0.004.
with the accuracy)(|p|*"+1)/2). Then, from [ZB), it follows Two of the frequencies of Janus are also almost commensurable,
that the frequencies are determined with the errors of the orglgr
(2N —1)/2. In our case the nonlinear frequencies are approx-
imated with an erro©(|p|>/?). Of course, we have to assume 0-1,1,0 = | = w1 + wa2| = 0.002.
here that the initial conditions are close enough to the eqig.[7 shows that the quasi-analytical non-resonant theory is
librium, providing the error of variables transformation of thﬂot adequate for these moons. Even for a very small initial am-
orderO(|p[*V*1). Practically we may check if the initial con-pitude of libration, the transformation between original and
ditions are valid in this sense by controlling the difference aftﬂbrma| variables fails, g|v|ng a comp|ete|y wrong result. It has
a forward and backward variables transformation. dramatic consequences —the semi-analytical solution does not
describe the motion even qualitatively in the time span of 2 or-
We performed a check of the theoretical predictions of aloftal periods. Investigations of the resonance effects need the
term behavior of the semi-analytical solution for Amalthea. Thnstruction of a different kind of local theory and are out of
is illustrated in Fig. 6. As one can expect, in the time spai0df the scope of this paper. We plan to devote another work to them.
orbital periods the difference between analytical and numerical Finally, we investigated the dependence of nonlinear fre-
solutions grows almost strictly linearly with time. guencies of librations on the initial amplitudes of coordinates

11 = | = (w1 +w2) + ws| ~ 0.008,
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and momenta. With the help of our theory it can be performédarkeev, A. P., 1978, Libration points in Celestial Mechanics
easily. The key is formuld{28). As an example we computedand Cosmodynamics. Nauka, Moscow
frequency-amplitudes diagrams for Epimetheus (Fig. 8). ThMarkeev, A. P., 1985, Kosm. Issled. 23, 323
valid range of the phase variables was determined by the cordarkley, F. L., 1978, In Wertz, J. R., (ed.) Spacecraft Attitude
tion that the absolute difference between the values of originalDetermination an Control, vol. 73 of Astrophysics and Space
coordinates and momenta after a forward and backward transScience Library, chap. 12, 410-420, D. Reidel Publishing
formation did not exceeded) . Generally, the frequencies of Company, Dordrecht: Holland
librations can change by a few percent when we change thidiersman, W. A., 1971, Celest. Mech. 3, 384
amplitudes in the prescribed vicinity of the equilibrium. Shevtshenko, I. 1., Sokolsky, A. G., 1995, Celest. Mech. 62, 289
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